By solving the two-body Schordinger equation in a very high precise nonperturbative numerical (NPnum) way, we reexamine the contributions of fine, hyperfine structure splittings of muonic hydrogen based on the Breit potential. The comparison of our results with those by the first order perturbative theory ( 1st PT) in the literature shows, when the structure of proton is considered, the differences between the results by the 1st PT and NPnum methods are small for the fine and hyperfine splitting of 2P state, while are about −0.009 meV and 0.08 meV for the F = 1 and total hyperfine splitting of 2S state of muonic hydrogen, respectively. These differences are larger than the current experimental precision and would be significant to be considered in the theoretical calculation.
I. INTRODUCTION
In 2010, a precision measurement [1] of the Lamb shift in muonic hydrogen by using pulsed laser spectroscopy was performed and gave E 
the values of the proton radius is extracted as r p = 0.84184 fm [1] . In 2013, the further precise measurements of 2S − 2P transition frequencies of muonic hydrogen [2] gave the magnetic radius of proton r M = 0.87 fm and the charge radius r E = 0.84087 fm which are not significantly different from the value given by Ref. [1] .
On the other hand, based on the hydrogen data or the ep scattering data, CODATA-2010 gave r p ≈ 0.878 fm [3] , which is much larger than the results by the muonic hydrogen's Lamb-shift. And if this value of proton radius is used, the theoretical prediction for the
Lambs shift of muonic hydrogen gives [4]
| rp=0.878f m = 205.9726 meV,
which deviates from the experimental Lamb shift of muonic hypdrogen about 0.32 meV.
Many theoretical calculations [5] , data analysis [6] and possible new mechanisms such as the three body physics [7] , the new exotic particles interactions [8] , the higher-order contribution of the finite size [9] etc., have been discussed to try to understand such discrepancy.
And also new experiment of ep scattering is proposed in JLab [10] . Combining all these current analysis, briefly, the radius of proton is still not well understood.
For the muonic hydrogen, the energy transition of 2P
3/2 and 2S
1/2 usually are expressed as
In the literature, the contributions of the four terms are usually calculated by the perturbative theory. Using the quasipotential method in quantum electrodynamics [11] , the contributions to the four terms can be expressed as [1, [12] [13] [14] F = 1 [15] and shotting-like method using quad-precision Fortran in [16] . In this work, by using the Mathematica, we present another high precise NPnum calculations (much more precise than the quad-precision) on the energy shifts E
with considering the effects from the proton size. And as a comparison, also the calculation of δE ovp is presented.
II. FORMULA AND NUMERICAL METHOD
The One-loop Uehling potential and the general fine and hyperfine Breit potential including the effects from the proton size and the anomalous magnetic moment of muon can be expressed as [12, 17] 
where 
with α the fine-structure constant, µ p and µ µ the anomalous magnetic moments of proton and muon, m the parameter in the electromagnetic form factors of proton which can be related with proton size as r with those used in the literatures [13, 14] . The corrections from the proton structure in the above Breit potential is corresponding to replace the zero momentum transfer approximation by including the full q 2 dependence of the electromagnetic form factors of proton in the one photon exchange Feynman diagram. This is different with the corrections due to the proton structure discussed in [13, 14] . Since in this work our focus is on the difference between the results by 1st PT and NPnum calculation, we do not discuss the detail of the different treatments of the effects from the proton size.
In our numerical calculation, we use the shotting method to find out the energy spec- 
∆E

2S
HF S (F = 1) and 1 4 ∆E 2S HF S , respectively, which should not be omitted comparing with the precision of current experiments. We want to emphasize that by the NPnum calculation, the
are not strictly equal to 3 as predicted by the 1st PT, but are about 3.02
as showed in Tab. III and the absolute difference between ∆E (6) with the residual mean square of the fitting as small as about 10 −11 meV 2 .
After including the difference of ∆E
HF S (F = 1) by our estimation, the theoretical energy shift Eq. (1) is changed as
and if r p is taken as 0.878fm, then the modified
is estimated as 205.9816 meV, which deviates from the experimental results about 0.31 meV. This means after using the precise NPnum calculation of ∆E
HF S (F = 1), the discrepancy of the measurement of the proton sized is reduced about 3%, while if we take the 1 4 ∆E 2S HF S as input then the energy shift Eq. (1) is changed as
and if r p is taken as 0.878fm, then E
is estimated as 205.9526 meV, which deviates from the experimental results about 0.34 meV. We see the discrepancy will be intensified about 7%. The full results show we should be careful to deal with the splitting beyond the 1st PT and should replace 
and
We note that ∆E depends on ∆E Since the obvious difference exists between the 1st PT and precise NPnum calculations of the hyperfine splitting of muonic hydroogen's 2S state, we also present the similar comparison of the ep system in Tab. V where the results show the calculation for the hyperfine splitting of S state in ep system by the 1st PT is also not good enough. Different with 1st PT, the results by the precise NPnum method are more sensitive on the proton size.
In a summary, by using shotting method in Mathematica we give a very high precise NPnum calculation for the energy shifts of the Breit potential including the effects from the proton size. Our results show that when taking into account the proton structure, the precise NPnum calculations give very small corrections to the hyperfine splitting of 2P 3/2 and fine structure of 2P states, but give about −0.009 meV and 0.08 meV differences for the hyperfine splitting ∆E
HF S (F = 1) and ∆E
HF S of munoic hydrogen with those usually used in the literatures by 1st PT. The similar properties are also found in the hydrogen case.
